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ABSTRACT

A general  method for  ext ract ing pa r t i c le  size dependent in fo rm at ion
f rom experimental  r a t e / f o r mu l a t i o n  data was developed f rom the s ta t is t ica l
methodology. This technique was emp loy ed to c o r r e l a te th e da t a bases  of
Miller . Resu l t s  showed that,~~y employing an in teract ion p a r a m e t e r  of 4. that
both additive and additive f r ee  data could be cor re la ted  to s t andard  e r r o r  of
est imate below 10. 5%. The ef fec t  of stead y radiant  energy  deposi t ion on
st ead y and n on stead y burning was explored . R e s u l t s  showed that  if the
radiant energy deposited in the react ive  zones is negli gible (an excel lent
assumption for low s igna tu re  p rope l l an t s)  the effect  of rad iant  ene rgy
depos ition can always be accounted for  by subst i tut ing the ra dia t ion augmented
initial t en lpe ra tu r e-\ T~~~~T0 ~ ~~~/j ~~eu.°) -1for the initial p rope l l an t  tempera-
t u r e  T0. —
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for

STATISTICAL ANALYSIS OF STEADY STATE COMBUSTION

OF COMPOSITE SOLID PROPELLANTS

IN TRODUCTION

Backgroun d

Solid rocket technology is in a process  of d ynamic  development that
is driven by cu r ren t  problem s. This p rocess  is pa r t i cu la rly  evident in
applications of solid rockets to tactical weapons because  o recent  emp hasis
on reduced visible exhaust signature . This emphasis has led to elimination
of significant amounts of condensed phase mater ia l  from the produc ts  ot
combustion and the subsequent  creation of a number  of p rob lems .

o To maintain specific impulse  pari ty (or to minimize
degradation) relative to an “equivalent” rn etallized
formulat ion the total solids content must  be increased .
This can lead to physical proper t y and pr ocess in g
problems.

• o Replacement of metal addit ive with oxidizer has
altered the relationship among rate , fo rmulat ion , and
environmental  var iables . Since the bulk of empi r ica l
knowled ge of these relations resides with metall ized
formulat ion s, p ropellant fo rmulat ion  p rob lems  have
a r isen.

• o Elimination of condensed phase  pa r t i cu la tes  f rom the
produc ts of combustion degrades  stability m a r g ins
(par t icu la r l y at higher  f r equenci e s )  because  p a r t i c l e
damping is “ eliminated ”. As a consequence , corn-
bustion instabil i ty  has become a ve ry  sig n i f i c a n t  de-
sign facto r .

C lea r ly ,  it would be (and is)  more  d i f f i c u l t  to desi g n a sol id r o ’k e t  to spe i-
fied cons t r a in t s  with low s i gn a t u r e  p rope l lan t  than  with n~eta l l i z v d  p r u 1c l L i n t
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The design of solid rockets always str ives for  a near  opt imum for
imposed constraints. The constraint s a re  set by the level of available technology.
It is important  to note that there  are  two basic par ts  to available technology.
Firs t , there is that par t  concerned with the pe r fo rmance  limits of available
mater ia l ;  for example , the tensile strength of a case mater ia l  and the theoret-
ical specifi c impulse of a propellant. Second , there is that par t  concerned
with the way available materials  are  a r ranged  into the entity we call  a solid
rocket motor . Recognition of these two f ac to r s  is impor tant  because  avai lable

• information ( 1) suggests  that insofar  as propellant energet ics  a re  concerned
• the f i r s t  path is peaking. Moreover , the achievement  of increased pe r fo rmanc e

along this path is complicated by haza rds  and cost consideration~ ’) . Conse-
quently, as t ime passes super io r pe r fo rmance  will  become inc reas ing l y de per-
d ent upon the potential of inert parts  and desi gn excellence .

These a re  not academic top ics;  cos t robs us of r e s o u r c e s  and , rela t ive
to weaponry,  pe r fo rmance  can mean our life.

Recent  design experience~ has amp ly demonst ra ted  that combust ion
• instabil i ty is a major  factor  in solid rocket design. This may  seem surpr is ing

in view of the technology that has been developed to t rea t  this problem area  to
date . However , the simple fact  is that existing technology has proven to be too
cumbersome for  low s ignature  systems. This stems large ly  f rom the fac t  that

f the direction of combust ion instabil i ty technology was shaped by ins tabi l i ty
problems in strateg ic missi le  sys tems  -—t ha t  j~~ in sys t ems  with hig hl y
rnetallized formulat ions , near l y neu t ra l g ra in s~’ , and small  environm ental

• t empera tu re  ranges . In these sys t ems  instabil i ty needs to be considered at
only the lower longitudinal mod e f r e q u e n c i e s  (pa r t icu la te  damp ing sup p r e s s e s

• the higher mode f r e q u e n c i e s ) , and at one p r e s s u r e  and one initial t e m p e r a t u r e .
There fo re , the number  01 combinat ions  for  which data a r e  requi red  is small .
Taking p r e s s u r e , initial t e m p e r a t u r e , and f r e q u e n c y  as  v a r i a b l e s  the n u m b e r
of combinations is on the order  ol 1-3 . On the other  hand , in a low s igna tu re
tactical system instabi l i ty  is not limited to the lower  f r e q u e n c y  modes . More-
ov er , non-neut ra l  t r aces  are  com mon (b o o s t / s u s t a i n ) , and the ~nv i ronrn en ta l
t empera tu re  range is substantial  ( - ( 0  to +1 / 0 °F L  Consequen t l y, the  number
of combinations is on the order  of 2 0-30 . In shor t , the des igne r  of a low
si gna tu re  tactical  system is looking at a t a s k  that  is r o u g h l y a n o r d e r  of n~a~ -

• nitude more  involved than the des igner  of a s t r a t eg ic  system in o r d e r  to a s s u r e
• the same “ su rp r i s e  f r e e ” desi gn . Consequent l y, des i gn p ro c e d u r e s  t ha t  ‘ w o r k

like a champ ” with s t ra teg ic sys tems can simp ly be o v e r w helm e d  by th t
tational and data demand s of a low s i g n a t u r e , ta t i c a l  s y s t ?U .

‘:‘R eierence 2 p resents  a case study of a re ent red u~~ed sn uk~ ?‘l I ( t o r
development ef for t .

~ ‘~A neu t r a l  g ra in  is one that p roduces  a n o m i n a l l y l eve l  t h r u s t  ‘ t i~
history during the motor ’ s action tim e.

• 4
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The point he re  is s imp ly this. As solid rocket  technology s h i f t s  to
fol low the dictates  of f ield experience and mission ana lyses , th e dema n ds
made of the technology also shifts. Sometimes these  shif t s r equ ire  no new
technology while at other times they do . The presen t  is one of the t imes
that new technology is important  because :

o good design is impera t ive  f o r  n e a r - o p t i m um
pe r f o r m a n c e,

o instability is a ma jo r  des ign problem in low
signature  sys tems , and

o existing desi gn and d a t a - g a t h e r i n g  tools ar e  too
cumbersome f o r the fu n d i n g  levels  and develop-
men t schedules  of t ac t ica l  sy s t ems .

To c la r ity  the latter point , con s i d e r  the des ign  p rocess  as it is
c u r r e n t l y  pract iced . First , non-detai led t rad e s tudies  a re  made to e s t a b l i s h
the g e n e r a l  geome t r i c  and prope llant  proper t i e s  r equ i red  to meet  the desig n
c ons t ra in ts . Second , a se quence  of detai led t r ade  s tud ies  a r e  made  about  one
or more  basel ine designs  to es tabl ish  the ‘ opt imal” desi gn in that  base l ine
f a m ily. Third , a des ign is selected for  prototype deve lopment . The de tailed
studies include (or should include)  detailed p e r f o r m a n ce , s t r u c t u r a l  i n t e g r i t y ,
and linear stability computat ions. To c a r r y  ou t  p e r f o r m a n c e  p re d ic t ions  one
needs to know how b u r n i n g  rate va r i e s  with p r e s s u re , init ial  t e m p e r a t u r e ,
a nd cr o ss flow . To p e r f o r m  l inear  s tabi l i ty  ca lcu la t ions  (with ex is t ing  codes I
one needs to know the cavity g e o m e t r y ,  the local m a s s  e t f i u x  f r om  the b u r n i n g
su r f a c e  and the p r e s s u r e  and veloci ty  coup led res ponse fu n c t i o n s . The r e sponse
function s depend upon p r e s s u r e , initial t e m p e r a t u r e , c r o s s f l n w , and  f r e q a e n c v .
Consequent ly, c a r r y ing out the de ta i led  t r a d e  s tudies  r e q u i re s  a su b s t a n t i a l
am o u n t of propel lant  bal l is t ic  data , p a r t i c u l a r l y when it is r e  ~~n it e d  t h a t
twen ty  or more  f o r m u l a t i o n s  may be involved in the t r a d e  s t ud i e s .

Assum e , f o r  exam ple , that propel lan t  ba l l i s t i ’ d a t  a r to I , ( , f ) t a l f l e ~!

a t th ree  p r e s s u r e s , initial t e m p e r a t u r e s , c ro s s f lows , and f r e q ’ien ~ i e - . \ i t h
th ree  rep lica tions for  s t a t i s t i ca l  s i g n i f i c a n c e  t h e r e  ar e  81 d a t ; ,  i t  i n :
in defining burning  ra te . With the v a r i a b l e  a rea  T - b u r n e r  t e  hn iq t
emp loy ing data  at th ree  a rea  ra t ios  t h e r e  a r e  7 2 4  da ta  h i t s  l er  n r s ~~’i r .

coup led response  and an addit ional  243 da ta  bi ts  for  v e lo c i t ~ n~ip h d  r s p n se
This  examp le s e r v e s  r a the r  g r a p hica l l y to i l l u s t r a t e  the  n i a~~n i t n d ’  n~ t h e  onu-
st ead y state  ba l l i s t ic  data p rob lem re l a t i ve  to t h a t  of the  s t ea dy -  .- t t ’ . \ V) ; e n

one c o n s i d e r s  fu r ther  that  t h i r t y  t e s t s / d a y  is a ve r y good r a t e  f o r  r -b ,~~cr
t e s t ing,  tha t  the cost  of a T - b u r n e r  t e s t  is on the o r d er  of ~~ O , a n d  th ; t
twen ty or m o r e  fo r rnu lat ion s a re  usua l l y s c r u t inized in a n ~tc r d e v t 1 p i  • & ‘ f lt

prog ram , it is easy  to see wh y st ab i l i ty  ana l y s e s  a r e  a iw a  s b a se d  un in ( ( u r -

plete data . The cost r equ i red  for  comple te  b a l l i s t i c’ d a t a  is too la r L ~e a

• f r a c tion of the  total  p r o g r a m  cost!

::T h i s  e x amp le a s s un ~es that  f low t u r n i n g  and v e l o c i t y  c o up l in g can  he
u n c o n fou n d e d . 5
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C ontras t  the above “ tac t ica l”  examp le with a “ s t ra teg ic ” example
where one pr e s s u r e , initial t empera tu re  and three  f r equenc i e s , c ross f lows
are  involved . Then with three rep lications 9 data bits a r e  requi red  to def ine
rate , 81 data bits a re  required to define p r e s s u r e  coup led response , and 27
data bits a re  required to define velocity coup led re sponse . Thus , as no t ed
before , the magnitude of the ballistic cha rac te r i za t ion  problem and hence the
cost and tim e involved is roug hl y one order  less than for  the t ac t i ca l  s i tua t ion .
In contrast , the funding level for  the s t ra tegic  moto r deve lopment  effo rt is
roughly an order  of magni tude  g rea te r  than for  the tac t ica l . T h e r e f o r e , the
cost  required for  comp lete ballistic data is a much  more  acceptable  f r a c t i o n
(down roug hl y two o rde r s  of magni tude)  of total  p rogram cost~’ .

Thus , we a re  led to an in te res t ing  conclusion . The c u r r e n t  d r iv ing
f o r c e  for  upgrading solid rocket desi gn techniques s tems not f r om  the s t rategic’
but f rom the tact ica l !  This is not pa r t i cu l a r ly  su rp r i z ing .  It is no chal leng e
to design a Mercedes ;  it is a challenge to design a Ford that  is as good as  or
superior to a Mercedes.

The above sh ows ra th er clearl y that a major  weakness  in c u r r e n t
so lid rocket  desi gn technology is adequate  c h a r a c t e r i z a t i o n  of bal l is t ic  proper -
ties . It is important  to note that design studies  a r e  bas i ca l l y quant i t a t ive
t radi ng opera tions . The re f ore , if i naccu ra t e  ba l l i s t i c  p rope r t i e s  a r e  emp loyed ,
the trading operation degenera tes  to the qual i ta t ive  level . This is adequa te  f o r
academ ic exercises ;  it is inadequate  f o r  the design of p r o p u lsion s y s t e m s  tha t
will fl y**. This problem can be overcome in two r a t h e r  d i f f e r e n t  w a y s .

o Develop more  e f f e c t i v e  methods for  def ining l i n e a r
stabi l i ty proper t ies  exper imen ta l l y.

o Develop more  ef fec t ive  ways  to ex t r apo la t e  f r om  a
lim it ed data base.

In ac tua li ty  both paths must  be pu r s u e d  because  copious a m o u n t s  of hi g h
qualit y da ta a re  r equ i r ed  to test  the va l id i ty  of the ex t rapo la t ion  p r o c e d u r e s .

~The rotat ing valve b u r n e r  under  development  at CSD(4)  o f f e r s  roug hl y a
th ree  fold reduct ion in the cost of c h a r a c t e r i z i n g  ri onstead y b a l l i s t i c
pro per t ies .

~~‘The knowled geab le r eade r  wi ll ce rt a in ly note that  we have  and a r e  g e t t i n g
the desi g n job done without new des ign  tools . However , i t is not wi thou t
con sid e r a b l e  ‘ cut and t r y ” a t the pro to type  motor  level. Th is is e x p e n s i v e .
Moreover , it s h i f t s  emphas i s  away f rom an opt imal  solu t ion  and t o w a r d

~~~~ solu t ion . This w r i t e r  believes that  the most  c r i t i c a l  a s p ect  of t h e
des ign p r o c e s s  is the detai led t r a d e  s tudies  and tha t  r e a l i s m  in t h i s  p h a s e
is c r i t i c a l  to the outcome .

__________________  
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AFOSR Statistical Combust ion Modeling Program

This program has been aimed at stead y-s ta te  combust ion  of poly-
d isperse  heterogeneous propellant s. The general methodology has been to
employ a statist ical  approach to relate the areal  mean burning ra te  of the
propellant to the areal  mean burnin g ra te  of monod i spe r se  pseudo-prope l l an t s
whose properties are  derived f r o m  the s ta t is t ical  fo rmula t ion . The sig n i f i c a n c e
of the a r r angemen t  is that it is much  easier  to model propel lant  with a sing le
geometric parameter  than propellant with a d is t r ibut ion  of c h a r a c t e r i s t i c
dimen sions . A nionodisperse propellant combustion model has been cons t ruc t ed
f rom the BDP model(5~ and combined with the aforement ioned s ta t is t ica l  pro-
ce d u r e  to y ield a stead y-s ta te  combustion model for  poly d isperse , AP-h ydro-
carbon binder composite propellants. The model has been tes ted aga ins t  the
extensive data bases generated by Miller , et. al . ( b )

• It has been found that
the model is capable of quantitative predictions of the effect  of f o rmu la t i on
var iab les  on both ra te  and exponen t for  addit ive f r e e  fo rmula t ions .  However ,
predic t ions /corre la t ions  of the data bases with addit ives (a l u m i n u m , i ron ox idP~
were  general ly poor ( ’)~ In addition , it should be noted that  fo rmula t ions  with
a large(coarse  d i am n e t e r ) / ( f i ne  d i ame te r )  rat io genera l l y showed poorer
c o r r e lation. These defects  have genera l l y been a t t r ibu ted  to the f ac t  tha t  the
va rious pseudo-propel l an t s  interact  more  s t rongl y than p resen t l y accoun ted
for  and that addit ives influence these in teract ions.

Subsequent theoret ical  developments  have a t tempted to extend the
theory  to include erosive burning~

8) and p r e s s u r e~ 9~ and veloci ty  coup led
nons t ead y burning ”~” . Ins ufficient  data exists  at p resen t  f o r  de f in i t i ve  corn-
merits at this time. However, the outlook is not promis ing  f o r  the nor i s teady
extensions . A p r i m a r y  reason for  this is the c u r r e n t  inabi l i ty  to come to
g r i ps with the nonsteady t empera tu re  field in the condensed phase  of a corn-
posite propellant without resor t  to po stulates (10

~.

In the Background section of the INTRODUCTION it w a s  pointed out
that a major  problem in the solid rocket design process is col lect ion of
ade quate nonstead y da t a . There fo re , the question “wh y p u r s u e  s tead y - s ta te

• modeling ? ”  a r i ses  quite na tura l l y. The answer  is that  potent ial  exists  for
“ t r ans fo rming ” stead y- s t a t e  data into nonstead y state data ’ f o r  t hose situa-
tions where the cha rac te r i s t i c  t ime of the unstead y env i ronmen t is l a r g e  con’-
pared to the characteristic times of the reactive zones of the pro ess • “ • ‘

That is , a t r a n s f o r m a t i o n  should be possible  for  those f r e q u em u ’ i e s  w h er e  the

:An area l  mean is def ined as f~ Um f d S/S 0~,o—~~co So
~~ R efere nce 8 p re sen t s  an excellent  s u m m a r y  of these  d e v e l o p m e n t s .
“~ See R e f e r e n c e  11 f o r  a lucid exposit ion of this .

--  —— ~~~
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reactiv e regions behave quasi-steadily and the t ransient  aspects  a re  confined
to the nonreactive condensed phase . This t r ans format ion  a l read y exists  f o r
homogeneous propellants~~

3
~. The di f f icul ty  is to extend this  methodology to

a composite propellant. This is , to all appearances , a formidable  problem
because at any instant of time the burning sur face  is composed of all states
of all pseudo-propel lants. There fo re , som e sort of mul t id imens ional  solu-
tion would appear necessa ry .  Unfor tuna te l y, this is beyond the capabil i t ies
of present  computational machinery.  However , during the 19(6 work  a
promising new approach was conceived. For stead y - s t a t e  condit ions , the
statistics governing an areal  mean at fixed time are  the same as those for
a temporal mean ’~ at fixed location (ergodic  theoreni( ’2 ) ). Consequent l y, f o r
small deviation s f rom stead y-s ta te , as mi ght occur  for  l inear , nonstead y

• p rocess , it should be possible to rep lace an areal  mean (as  employed in the
stead y-s ta te  modeling) with a temporal  mean . This may seem of smal l  con-
sequence but it opens the door to a one-dimensional methodology for  com put ing
nonstead y response for  composite propellants . Since the a r ea l  mean s ta t i s t i cs
are  known for  the pseudo-propellants, the probabi l i ty  of f inding any pseudo-
propellant in a ver t ical  stack of pseudo-propel lant s (a • ‘Dagwood s a n dw i c h ” )
is known. In addition , for each pseudo-propel lant  the mean quas i - s t ead y
behavior of the react ive zone is known f rom the stead y - s t a t e  ca lcu la tions .
Moreover , the Z-N methodology ( 13) tells how to c a r r y  these  over to the
nonstead y state. There fore , by a v e r a g ing the response of the v e r t i c a l  s tack
of pseudo-propellants  to f luctuat ing external  conditions the t empora l  mean

• is achieved . This should be the a rea l  mean response func t i on  des i red .

Stead y-s ta te  combustion modeling is c ruc ia l  to this e n t e r p r i s e . To
app ly Z-N  methodology one needs  to know the behavior of the r e a c t i v e  tone
in detail . Qu ite frankly, the s teady-sta te  statistical combustion model
supplies exact ly  this informat ion. There fo re , to the f r e q u e n c y  l imi ta t ion

• m entioned previous ly ,  st ead y and n ons t ead y state combus t ion  a r e  r a t h e r
imtimnately connected p a r t s  of the same phenomen a .

Hopefull y ,  the r eade r  fee ls  as enthusias t ic  as this  w r i t e r  at  this

• point . Unfortunatel y, there  is a fly in the ointment; the t h e o r e t i~ al cornbus-
• tion model work s only fo r add i t ive-f ree  fo rmula t ions  at p r e s e n t , wh e r ea s

rocket  motor  propel lants  invariabl y contain addit ives . T hus , one mi g ht
conclude p r e m a t u r e l y  that the aforement ioned s t ra teg y is fit  solel y f o r

• a cademic p u r poses .

t+~ z
~A tempora l  mean  f lim fdt/4 t

£t —..O° t
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As noted previously, a statistical combust ion model consists  of two
parts :  a statistical framework relating pseudo-propellant  p roper t i es  to pro-
pellant propert ies and a combustion model for  computing pseudo-propel lant
propert ies. The p r imary  difficulty with cur rent  com bustion models  is au
inability to come to quantitative gr i ps with additives. To c i rcumvent  this
diff icul ty,  note that the required pseudo-propel lant  informat ion mus t  exist
within an adequate stead y-s ta te  data base . Moreover , b y t rea t ing  the pro-
pellant data as knowns and the pseudo-propel lant  p roper t i e s  as unknowns the
stat ist ical  f r amework  provides a m eans for computing p seudo-p rope l l an t
propert ies  f rom an adequate steady-state data base. This p rocedu re , fo r
res t r ic ted  conditions,was developed in 1977 and was found to yield quant i ta t ive
resul ts  for  additive f r e e  formulat ions  and quali tat ive r e su l t s  for  f o r m u l a t i o n s
with additives ( “) .

Figu re  1 i l lus t ra tes  the genera l  s t ra tegy at the s t a r t  of the 19 ( 8
pro g ram . There a re  two major  paths to the goal of genera l i z ing  experim ental
stead y-state data so that it can be employed to predict  stead y and nons t ead y
proper t ies  of propellants in the same formula t ion  famil y as the data base .
The path throug h the theoretical model requires  a substantiall y smaller  da ta
base than that throug h the statist ical  f r a m e w o r k . This is its ma jo r  advantage .
The final path to nonstead y proper t ie s is not operat ional . The s t r a t e g y  in
1978 was to push development  along both paths . However , b e c a u s e  of d i f f i c u l t ies
encountered along the s tat is t ical  f r a m e w o r k  path , l i t t l e  was  a c c o m p lish ed on
the statist ical  combust ion model path .

In addition to these  tasks  work was under taken  to d e t e rm i n e  the e f f e c t
of thermal  radiation on nonstead y p r e s s u r e  coup led burning .  This is an
obvious scaling fac tor that must  be accounted for  in t h e  app licat ion of r e sp o n s e
funct ions  measu red  in b u r n e rs  of small geometr ic  scale to motors  wi th
signif icant l y l a rge r  geometr ic  scale. In addition to the obvious t e ch n i c a l
benefi ts  of p inning down these ef fec ts  there  is the a t tendant  benef i t  of de ta i l ed
fami l ia r izat ion  with the Z-N methodology to be emp lo yed in the s u b s e q ue n t
attempt to complete the pseudo-propel lant  proper t ies  to nons tead y p r o p e r t ies
link .

Accompl i shments  in 1978 a re  descr ibed  in t he  fo l lowing  sect ion.
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ACCOMPLISHMENTS

I. The Ef fec t  of Interact ion s in Stat is t ical  Combust ion Mode l ing

• The desi gn of solid p ropellant rockets to m a x im i z e  ‘ p e r f o r m a nce ’
while sat isf ying envelope , stabil i ty,  p roce s s ing ,  s i g n a t u r e , and cos t  con-
s t rain ts  is a comp lex task . Informat ion  cen t ra l  to the s u c c e s s f u l  comp le tion
of this task a r e  funct ional  relat ionship s be t wee n th e s tead y a nd nons tead y
ball ist ic p a r a m e t e r s  needed to predic t  pe r fo rmance  and st ab i l i t y  and t he i r
independent  var iables  (propel lant  fo rmu la t i on , p r e s  s u r e , in it i a l  p r o p e l l a n t
t empera tu re, cross flow , f r e quency).  Wi th the l a r g e  number  of independen t
var iables  involved exper imental  defini t ion over the v a r i a b l e  r a ng e s  involved
in many design si tuations a re  prohibi t ively expens ive  with  c u r r e n t  t e c h n i q u e s .
M o r e o v e r , the v e r y  na tu re  of exper imenta l  c h a r a c t e r i z a t i o n  a l w a y s  leads  to
d i sc re t e  r a the r  than cont inuous in fo rmat ion . Since i n fo rma t ion  in d i s c r e t e
f o r m  is not gene ral ly  compatible  with optimization s t r at e g i e s , e x p e r i m e n tal
da ta n-iust f i r s t  be t r ans fo rmed  into a continuous fo rm . G e n e r a l ly  s p e a k i n g ,
if all other thing s a r e  equal , a co nt inuous  f o r m  compat ib le  with phys ica l
p r i n ci ples is to be p r e f e r r e d  to those devoid of insi g ht b e c a u s e  they  o f f e r
g rea ter  potential for  a ccu ra t e  interpolat ion / ext rapola t ion .

In add ition to simply cor relat ing exper imenta l  da ta  into a c o nt i n u o u s
fo rm a proper  theory  also o f f e r s  potential for  an even m o r e  des i r ab le  goal :
t r a n s f o r m a t i o n  of stead y - s t a t e  data  into nons tead y sta te da ta . This  goal  is
de s i r ab l e  b e c a us e  non st ead y ball is t ic  data a r e  much  m o r e  expens ive  to
acqu ire than stead y- s tate data .

In r e f e r e n c e  7 a t echn ique  was  developed that  could e x t r a c t  ba l l i s t i c
da ta in a fundamenta l  f o r m  that readil y accoun ted for  the e f f e c t  of pa r t i c l e  size
on stead y - s ta te  bal l i s t ic  p rope r t i e s  and held po tent ia l  f o r  m a k i n g  the stead y
to nons t ead y stat e t r a n s f o r m at ion poss ible. C o r r e l a tions of M i l l e r ’ s add i t i ve
f r e e  data  base  revea led the abili ty to a c c u r a t el y  c o r r e l a t e  r a t e  and exponent
da ta . H o w e v e r , c o r r e lation of the addit ive data showed tha t  the methodology
did not , in ge neral , work wi th propel la nts  containing a d d i t i v e s . The o b j e c t i v e
o f this work  is to approach this problem again with a more  g e n e r a l  v e r s i o n  of
the basic  theory .

11



•_
~~~~~~

_
~~~• _ _•

~~~~~~~~~~~ •‘__

~~~ 
‘ ‘  T ’T f .• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— • ‘ - ‘-
~~~

-‘ — 

~~~~ 
‘
~

-
~~
--- 

~~~:.

From statistical combustion theory ( 14) the mean burning rate of a
heterogeneous , propellant with pol ydisperse  oxidizer is related to the b u r n i n g

• ra te of a sequence of monodisperse pseudo-propeuants  by

~(c~/x :~) t~w~ ( i - l i

where

o is the mean burning rate of the monodi spe r se
• p seudo-prope l l an t  with oxidizer  having b~ b~ ~~~~~

o is the oxidizer mass  f rac t ion  of the monodisperse
pseudo-propel lant  with oxidizer having ~~ dt ~ , and

o is the mass  f ract ion  of  oxidizer with b Zb ~~~,.d b

For mos t oxidizer gr inds  it has been shown that  a log no rma l  d i s t r i b u t i o n
closel y approximates  the real  dis tr ibut ion ( 15) . T h e r e f o r e , to a good approxirn a-
tion

~~~~ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~b ( r 2

It has also been showi$ ’41 that

C ( 1- 3 )

wh ere

C ~~~~~~ ~~ ( 1-4 )

12

Ii ~~
-.. 

. •~~~~~~~~=•



Since ~
- 

~~ 
(
~—~~‘)fp~ , Eq. 1-4 can be written as

= 

~~ (‘-~0~)b  / ~~~~ ( 1-5)

Therefore,

• ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 1-6 )

b b
Variations in the environmental variables  do not change the p rop e l l an t
rec ipe. There fo re , appropriate  d i f ferent ia t ions  of Eq. ( 1-6) yield

• 
— ~ .•_.* ‘m-~ ‘,n-$ *

~~~~~~ ti0~ -~~ f~b ~~~~~~~ ~~~~~~~ ( 1 7a)

(
~~

-
~)~~ ~~~~~~~~~~~~ ~ ( I - 7b b

~
( 

~~~~ t~~~~~~ t ~~~~~~~~~~~~ 4(’ ~~~~~~~~~~ ~ (I -  7c )

~~ ~~~~~~~~r~~
;t ~~~~~~~~~~~ ~~i / ~~~~~~urj ~~~~~~~ (~~~d~ ( 1 7d)

It should be noted that Eqs . (1- 6) and ( l-7a , b) a r e , since they a r i s e  l a r g e l y
f r o m conservati on of mass , and a r e  concerned with means , l oose ly tied to
propellant  s t r u c t u r e . On the other hand , Eqs . ( I — 7c , d) a r e , since t ime is
involved explicitl y, more  closely tied to propel lant  s t r u c t u r e . If the
s t r u c t u r e  is random , Eqs . (I-7c , d) should hold . If it is o rde red , they
should not; layer frequency “resonances ” would occur.

13
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Equations 1-6 - 7d have been emp loyed , with theoret ical  combust ion
models to make “ a pr ior i”  predictions of propellant ballistic p roper t ies~

7 ’ 9 , 1 5 , 17 i

Generally, results  show excellent correlations for  
~~ 

and i~ with additive f r e e
formulat ions  and poor correlations for  formulat ion s with additives . Theory!

• experim ent comparisons for c~ ~~~~~~~~~~~ 
, and R.~~ are  inhibited by the

• 
• inadequate data base. In addition , best ’correla t ions  of t heory/ exper imen t

occur  when m=3 (see Eqs . 1 -6 and 1-7). It is impor t an t  to note that selection
of m= 3  is not based on definitive studies:  the computat ional  bu rden  is puni tive.

Examination of Eq. ( 1-6) shows that when m= 3 it becomes the simp le
linear relation

~~~ ( 1-8)

where ~~~~~ is the mass fract ion of the kth mode oxidizer in the formula-
tion and is the burning rate of pseudo-propellant  fo rmed f rom the kth
modes oxidizer . With Eq. (1-8) simp le linear relations for  

~~~~~~, 
~~~~~~~ etc

that involve the modal pseudo-propel lant  p roper t ies  follow easil y (7
~.

Corre la t ions  of experimental  rate and exponent data have shown that  this
approach worked extremely well for additive f r e e  fo rmula t ion s and some
formula t ions  with additives (7) . The question to be asked is ‘ wou ld rn~~3
permit  better correlat ion ? “ If one a t tempts  to answer  this with the
theoret ical  approach , resu lts a re  c onfounded with the combust ion model ’ s
infidelities.

Theoret ical  comput at ions~~ ~ and experimental  reduc t ions~
7 1 both

sugges t  that  rj  d is a smooth funct ion of l n D . Th e r e f o r e , i t is expec ted
that a “ low ” order approximation of 

~ d = f(ln D’I over the interval
would be adequate for the t a sk  at hand . The f i r s t

approach employed a power ser ies  approximation.

F �. ~~~~~~
for  

~~~~~ , 
d. The ~~ were  sought with a nonl inear  opt imizat ion scheme

(PATSH) .  A major  d i f f i cu l ty  with thi s approach became a p p a r e n t  a f t e r
coding was completed; “opt imal”  cor re la t ions  gave  

~~ d ~ o fo r  some D .
Since this is physical ly  impossible , means  f or “forb idding ” these  “ so lu t ions ”
a re  neces sa ry .  We could see no simple ” way to accomp lish this . Conse-
quently, this approach was abandoned in favor  of a piecewise l i nea r  approa h ,
In this approach the computation process  defines r~ d r~’ at specified
ln D~ for  i 1 , M . There fo re , ext rac t ion  of optirn a’l r~’ ~ o can be e a s i ly
guaran teed  by emp loying r~ ~~~ in the computa t iona l  p roce s s , This  “ f o lds ’
the rj  <o domain back over the rj >O domain the reby  enab l ing  PATSH to
sea rch over both positive and nega t ive  r1~ without  an rj � 0 c o n s t r a i n t .
Exper ience  has shown that PATSH (‘an become v e r y  t r ou b l e s o m e  when fa ed

~Easy to i m p lem ent and computa tionall y rap id and e f f e c t i v e .

~ IIit ~,_ ~~ ,,. . .
~~~~~

• . •. 
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with constraints  of this type . Moreover , the extremel y valuable f ea tu re

of the polynomial approach- -the ability to evaluate in tegrals  involving D once

• and for  all for each rn - - i s  retained . In addition , once an approximation for

d = f ( ln D )  has been extracted , the x~, i = 1, M can , be relocated --to
provide a better  approximation to those reg ions where  ~~ d changes  rap idly

with m D .

With the piecewise linear approach (x = m D )

r~ + 
~
( ~~~ 

- r - - ~..5 X. ~ ( 1 -10)

T h e r e f o r e , Eq. 1-6 becomes
p. .

W **. * r * r~ ~ - r

(I- I l )

With dwd given by Eq. 
1-2 this becomes + ~~~.

M t  M
* r~ , - r~~\~~~~ ~~~~~~ 

~a~ i ~~~~~~~~~
M i

”

~~ r~ , -r ~’ ~ K.,4. C 
( 1 12’)

~~ ~~ 

+

.1. ~~~~-t ~~ C’
~~ ~ 

e..~.p ~~~~~~ 
- 

~~~~~

Examinat ion of Eq. 1-12 shows that  there  are  four  types of integ rals  to
be eva lua t ed

(I) 
~
, ç

-. 

\
ex.p~ - 

~~~~~~ 

‘

~ 
( 1- 13)

I ,LL = 

~~~ ~ 
X eKp ~ ~~~ 

I ( 1-  14)

t~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
( l - l ~~)

~ c~~~~ 
~~~~~~~~~~~~~~~ ~~~ (1-If’ )
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I ’ .

Let u., ~~~~~~~ ~~~~~~~~~~~~~~~~ and

i I —~~~
= ~~ C cLi.~. 

( 1-17)

The error function is

2.
2. C -‘j

erç (~~ ~,j ~~~ Ie. cLi. (1-18)

Thus ,

~ erf (~~.~~ 
- erc(~~.~~ ( 1- 19)

Rew rite EQ. 1-14 as
p.’,.’

~~ ~~~~~~~~~ ~ fl ( 1-20)

With the above chang e of variable thi s becomes

2. 2.
_ U) y ~~~~~ 

— ~~~
1- - e. ) (1-21 )

R e w r i t e  Eq. 1-16 as

— 
p.~4l

~~~~ ~ (~~~~j  e - - ~ (~~~~~ ~~~~ ~~~~~~~~~~~~~~~ ( 1-221

The lat ter  is recognized as . To in tegra te  the f o r m e r  let
w exp -~ )P~~/~f~~and c~u =  ~~~~~~~~~~ exp~ - t (  ~~~~~ dx.

Then

-
~~~~ ~~ ~ (1- 2 3 )
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Consequently

x- ct%’l ~~(~w~
_
~) 

~‘:F~;F;~’ ~(x -~~e~ 
.3~~-~(

x..
~~ 1~1x ~ ~~~~~~~~~~~~ 

~ )J~ 
j-

Thus ,

X i ktz I
~~ (1-25)t L~~ ~~~~~~~~~~~~~~ I~ -

With Eqs. 1-2 and 1-15

M-~ M M M-t M (3)

~~ 
� ~~~ ~ ~1 i = 

~ 
‘I

L~~i ~~~ ~ ( 1

b

Attempts to reduce the remaining integrals to defined functions
fail because  in tegra ls  involving the integral  of the e r r o r  funct ion  appear .
Consequent ly,  i1~~ is evaluated by numerical  q u a d r a t u r e .

With these te rms  Eq. 1-12 can be rewr i t t en  as
*4-I 

~ * M

_____ (~) i — ç ~ (i~

x~4.I —

~~

‘

~ 
~~~~~~~~~~~ 

1-

.
~~ 

I. ,a.. .v.
I

’ 
~~~~~~~ ~ \ ‘I ( 1 27 )

+ ~ i, - 
‘ 

2~
&o*,k~~~~~~ ~~ ~ 

) — .  ~~~~~~~~~~~~~~

~ Ls~ 
—

~~ ~~~~~ ~~*DI’$. ~~~
, ~~~~~

For each of Miller’s formulation series~
6
~~~ ~~ 

ç are fixed . Therefore ,
~c l )  ca n be evaluat ed on ce an d fo r  all and l~

3
~ can  be compu ted  once fo r  each

mn .

Equation 1-27 g ives  
~~ 

in t e r m s  of the  r~’~ To ev a l u a te  t h e  r 1 a

nonlinear optimizer (PATSH) and \H l l e r ’ s data  base  w e r e  e m p lo y e d .
Basically, a subset of Miller ’s data base  w as in put , m was  spe i t i t d , and

• the op t imizer  selected the r~ suc h that  the s tandard  e r r o r  of e s t i m a t e
be tween prediction and data was minimized . Appendix B t a b u l a t e s  the
F O R T R A N  IV code that was  emp loyed .

Table  1- I  p r e sen t s  the s tandard  e r r o r  of e s t i m a t e s  a c h i e v e d . 1 l ie
most s t r ik ing f e a t u re of these  r e s u l t s  is that  the cor re la t ion  i m p r o ve s  a~ m
i n c r e a s e s . On theore t i ca l  g r o u n ds one would expect  to see n-i 2 : on t he
basis of limited model computations it was  found that  m 3 e f f e  t ed  b e t t e r
co r r e l a t i on  than m 2 (no c o m p u t a t i o n s  with  m >  3 w e r e  m a d e ) :  t h e s e
r e s u l t s  show tha t  best  c o r r e l a t i o n  is achieved with  ni ~~4 , N o t e  t h a t  w i t h
mn 4 that all of M i l l e r ’ s r ate da ta  is c o r r e l a t e d  wi th  s t a n d a r d  e r r o r  of
est imates  below 10 . s” .
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TABLE I - I

CORRELATION RESULTS

PR ESSURE
DATA SET psi m SEE , ‘1 COMMENTS

SD-I - 88  500 2 . 0 6 . 34 88°~ t otal so lids ,
1000 2 . 0 12 . 65 18’~ 24~.L Al .
2000 2 . 0 20 . 36
1000 0. 5 14. 54
1000 1. 0 14. 29
1000 1. 5 13 . 97
1000 2 . 5 11 . 38
1000 3. 0 8. 13
1000 4.0 5.48

SD-I1I-88 500 2 . 0 4. 31 88’ . t o t a l  so l ids ,
1000 2 . 0 6. 65 no add i t i ves
2000 2.0 11 . 25
500 3.0 3.05

100 0 3.0 4. 49
2000 3. 0 7 . 57

500 4. 0 2 . 6
500 4. 5 2 . 16

SD-IV - 88 500 4. 0 4. 0 3 88 tota l solid s ,
1000 4 . 0 6. 54 1~~’ 90~~ Al .
2000 4. 0 10 . 49

• SD-V-88 500 4. 0 1. 68 88 to ta l  solid s ,
1000 4. 0 2. 36 18’ 6~4. Al ,
200 0 4. 0 4. 52

SD-VI-90 500 4. 0 1. 08 (I0~ tota l sol ids ,
1000 4. 0 2 . 53 2 l ” ~ 24~~ Al .
2000 4. 0 5. 52

SD-V II - 88  500 4. 0 1. 39 88” t o t a l  so l ids ,
1000 4.0 3.62 l 8’~ 24~t.L Al .
2000 4. 0 3. 9 1 l ”~. F

st anda rd  E r r or  of E s t i m a t e

18
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Examination of the resu l t s  for  the SD-I and SD-Ill  ser ies  sugges t s
that correlat ion is not strongl y depend ent upon m for  the addit ive f r e e
formulations. However, for formulations with additives use of m
substantially improves the correlation . It is interest ing to note that in
every case the correlation degrades as pressure increases .

Figures 1-1 , 1-2 , and 1-3 p resen t  the computed p seudo-p ro pe l lan t
rates as a function of oxidizer particle size. For m~~ 

3(7) these rates
tended toward an asymptotic lim it as diameter approached zero and to zero
as d i ame te r  increased . These results for m = 4 show a much  more  com-
plex mult i - extrerr ium behavior . For the f o r m u l a t i o n s  with a luminum as
the sole addi t ive  burning ra te  dec reases  toward  ze ro  with d e c r e a s i n g  diam-
e te r  for  di a m e t e r s  below 1 P .  However , wi th the addit ion of 1~ Fe2 03 this
t rend  is r e v e r s e d  and burning ra te  inc reases  with dec reas ing  d i ame te r  f o r
d i amete r s  below I j

~ .

These calcula t ions  have shown that b y emp loy ing m ~~~ tha t  r a t e /
particle size data can be correlated and diameter dependent pseudo-propellant
properties extracted for formulations with and without addi t ives . It t h is
techni que remains valid for  t e m p e r a t u r e  sensi t iv i ty  data (i n s u f f i c i e n t data
currentl y exists to say either yea or nay), the pseudo -propellant properties
needed for  a com posite propel lant  Z-N model can be ex t rac ted .

19
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II . The Ef fec t  ot Thermal  Radiation on P r e s s u r e  Coup led Response

Methodology for  computing the linear stability margin of a solid
propellant  rocket  motor  includes testing propellant in a small scale labora-
tory burner ( T - b u r n e r , SEV-burner , rotating valve b u r n e r )  to de t e rmine
its  response to p r e s s u r e  and crossflow oscillations. These response func-
tions a re  then employed in l inear stabili t y calculat ion s for  fu l l  scale mo to r s .
For this p rocess  to be use fu l  the response funct ion in the motor  env i ronmen t
must  be either that of the laboratory burner  or scalable f r o m  it . At p r e s e n t ,
l i t t l e i s kn own ab out thi s sca ling pr ocess beca u se nei th er res ponse f u n ct i o n s
nor  motor  stabil i ty marg ins can be defined with prec is ion . Calculat ion s have
demonst ra t ed  that the t ime mean flow field in a rocket  motor  is dependent
u pon it s g e o m e t r i c scale~

16’
~ and that c r o s s f l o w  can e f f ec t  p r e s s u r e  and

veloci ty cou pled response in s t range  ways~ ’71 . The re fo re , potent ia l ex i s t s
t o r  si gn i f i can t  scaling e f fec t s . However , even in the s i tua t ion of p r e s s u r e
coupling wi thout  c ross f low there  is stil l  an environmental  d i f f e r e n c e  be tween
bur ner  and motor . In the moto r radios i ty  at the burn ing  s u r f a c e  will  be
l a r g e r  than in the b u r n e r  because  the beam length is l a r g e r  and the ‘ wa lls ’
a re  hotter . This will be par t icu la r ly t r u e  for  reduced and minim um smoke
propel lants  because  their  effect ive  gas emniss ivi t ies  wil l  be less than those
of propel lants  whose p roduct s  contain si gnif icant  amounts  of conden s ed ph a s e
par t icu la tes .

It is known that  radiosi ty level can al ter  bu rn ing  r a t e . In mos t  cases
this e f f e c t  is small  ( <1 0 °~,) . T h e r efo r e , on these g r o u n d s  one mi g ht d i smiss
the effect. However , radiation , since it deposits  energy in the condensed
phase , d i rec t ly  a l ters  the s ub s u r f a c e  the rmal  field . This may a l t e r  the
f r e q uenc y dependent c h a r a c t e r  of the re sponse  funct ions . Two extrem e
situation s appear  to exist . If the extinction depth of the rad iat ion  is much
l a r g e r  than the the rmal  wave th i ckness  ( ~~>~~K/s~) , t h e majo ri ty of t h e ener g y
deposition will  occu r  beyond the t he rma l  wave , t he i m p o r t a n t  c h a r a ct e r i s t i c
length is sti l l  the t he rma l  wave th ickness , and the propel lant  wil l  appea r  to
be preheated . For a specific “homogeneous ” p ro pella n t U8 )

Th e r e fo r e , for  this s i tua t ion the e f f e c t  of r a d i o s i ty  wou ld be to a l t e r  the r e sponse
func t ion  by

6k,-... -Z~~~~~ f(~~)~~ R~ ~~ Ei
where  S l ....j~ . However , if the extinction depth is sm a l l e r  than  the t h e r m al
wave  th ickness  (La’ Jt /u~ ) , the m a j o r i t y  of the e n e r g y  depos i t io n wi l l  o c c u r
within the t h e r m a l  wave;  t he re  will be two c h a r a ct e r i s t i c  t h er m a l  leng th s
‘R and 14/IL° ) ; and poss ibi li ty  for  “ reso nanc e  am p l i f i c a t i o n ” e x i s t s .
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If p ropel lant  is homogeneous , radiant  energy  will be deposi ted in
exponential fashion and penetration will depend solely upon the extinction
length of the propellant. Howev er , if the propellant is he te rogeneous ,
radiant energy  deposition will depend upon both the const i tuents  t rans-
missivi t ies  and the propel lant’ s s t r u c t u r e . The p rob lem of rad ian t  t r a n s f e r
in a he terogeneous  media is d i f f i cu l t . Th e pur pose h ere  is not to solve th is
problem. R a t h e r , the intent is to examine qua l i t a t ive  aspec ts  of the e f f ec t s
of rad iation on p r e s s u r e  coup l ed res pon se. Towa rd this end two l imit ing
cases  will be examined . In the f i r s t  the p rope l l an t  is cons idered  homogeneous
for both radiant energy  d eposition and cDn d u ct i ~’e t r a n s p o r t . In th e second ,
the propellant is considered to be black , opaque b inder  and t r a n s p a r e n t
ox idizer  for  radiant energy  deposit ion and homogeneous  for  c o n d u c t i v e  t rans-
por t . These represen t  simplistic models f o r  homogeneous  and h e t e r o g e n e o u s
propel lants .

The path to a solution of this problem will be to de f ine  rad ian t  e n e r g y
deposition in both cases . For the he terogeneous  propel lant  model s t a t i s t i c a l
comb ustion modeling result s U4)  will be em ployed . Th e ef f ec t o f th is r a d i a n t
energy deposition on p r e s s u r e  coup led response  will be de te rmined  by emp loying
Z-N  methodology (13

~. This is founded upon the following basic  a s s u m p t i o n s .

o The propellant  is homogeneous .

o The reac t ive  zones behave quas i -s teadi ly.

o Func tions u~&1T~) and ~~~~~~~~ a re  def i n ed
b y exper imen ta l  data .

The f i r s t  a s sumpt ion  is common to all exist ing “ exa ct” anal yses  of nons tead y
combus tion . The second implies both an upper bound on f r e q u e n c y  f o r  va lidit y
and that  condensed phase  react ions a r e  cons t ra ined to the s u r f a ce . Re l a t i ve
to the la t ter  assumpt ion  it is impor tan t  to note that onl y p a r t i a l  d e r i v a t i v e s
of these func t ions  appear exp licitl y. T h e r e f o r e , these  data  m u s t  be v e r y
a c c u r a te. Since T 5 d a t a a r e  v i r tu all y unobtainable (fo r h e t e r o g e n e o u s
prope llants  the concept  of a s u r f a c e  t e m p e r a t u r e  is i n c o r r e c t  and any th ing
but a c c u r a t e  and U ° data  a re  not ve ry  p r ec i s e , Z-N  me thodo logy  is u r r e n t l v
inoperable in its orig ina to rs  context . Consequent ly ,  ‘ wh y p u r s u e  t he 7.-N
a p p r o a c h ? ”  There  a re  four  par t s  to the a n s w e r . F i r s t , the 7 .-N m ethod
does not im ply an y r eac ti ve zon e model , T h e r e f o r e , it can emp loy a l l .
Second , a path to predic t ing  the nons tead y res ponse of he t e rogeneous  ~~rci-

pel lants  has  been (leviSed that  emp loys Z - N  concept s ( 13
~ . Th i rd , b e t t e r

met hod s a re  be ing  devised to m e a s u r e  ~~~~~~ F o u r t h , the p o s s i b i l i t y  of
rep lacing T~ da ta  w ith more  read i ly  obtainable  nonstead ’:  da ta  e x i s t s  There-
f o r e , f u t u r e  p r o m i s e  j u s t i f i e s  use  of the Z -N  method .
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For homo g en eous p ro p ell ant

c~T = ( IT- i )

I n t egr a t i o n  and app l i ca t ion  of the b o u n d a r y  condi t ion

( 11-2 )

g ives
2.

11-3)

The r a d i a n t  e n e rg y  deposi t ion  per  un i t  volume is , f r o m  a r a d i a n t  e n e r g y
b a l a n c e ,

~~~~~ (11— 4)

\V j th ( I I —  3’t t h i s  becomes

-I

( 1 1 - 5 1

Thus , f o r  homogeneous propellant  ene rgy  is deposited in expon ent ial
f a s h i o n . Note tha t  u n s t e a d i n e s s  in ~ is a s soc i a t ed  with u n s t e a d i n e s s  in
.1
4.

If the p r o p e l l a n t  is h e t e r o g eneous  wi th  b lack , o p a q u e  b i n d e r  ami
t r a n s p a r e n t  o x i d i z e r , r ad ian t  e n e r g y  wi l l  be d e p o s i t e d  at  t he  b i n d e r  s u r f a ’
and at oxidizer binder interfaces beneath that surface . With  t h i s  s imp l i s t i c
model radiant energy deposition will depend solel y upon t h e  oxidiz er parti c le
s ize  d i s t r i b u t i o n .

C o n s i d e r  the  s ing le o x i d i z e r  p a r t i c l e  i l l u s t r a t e d  by F i g u r e  I T - f .
R a d i a nt e n e r g y  e n te r s  the exposed , c o n v e x  s u r f a c e  (a , h) . it  is  a s sum e d  t h a t
t h i s  s u r f a c e  is ‘‘ r o u g h ’ ’  so t h a t  i t  a p p e a r s  to be a d i f f u s e  e m i t t e r . T h e r e f e  cc ,
the r ad i an t  e n e r g y  c r o s s i n g  S(o) is a l s o  t h e  e n e r gy  e n t e r i n g  the  s u b s u r t a e ,
Since S( o)  cannot  see i t s e l f

F 1- F
S’~ 4SOI) ~~(c~ ,‘S3

and
F ( T IS(~~4 ~~~~~~~~ ~3C~ ~~53 c~~ .d~ 3

Combin in g ( 1 1 - I l and ( 1 1 — f )  y i e lds

-
~~~~~~~~ ( l l- ~~ I

Si n ce  > ~~~~~~~~~ 
O(~~~~~~~t o O ~~~~, T h e r e f o r e , i~ ~~~.
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Burn ing  S u r f a c e
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____  ‘r ri ii

S3

d53 ,.
~~~~~~~~~~~~ 
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Oxidizer  Pa r i : i c l e

Fi g u r e  11-1 . View Facto r  G e o m e t r y
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For opposed , parallel  disks like S(o) and 5 (x)  Sp a r r o w  and Cess U 9 l  g ive

~~ 
- 

~~ x~) - 4r 2
(2 . }  /(Zc

L
) ( 11-9)

If the t e r m s  in (11-9) a re  non-dimensional ized with  the p a r t i c l e  d i a m e t e r  D ,
the fo rm of the equation does not change . The re fo re , ( 1 1-9) can be employed
in nondirnensional  fo rm (denoted by an overbar) .  For a c i r c l e  with center
at (r , x t ) = (O , R )

2. 2. 2.
r ~ (~~

‘—
~~~~

‘
~ 

=R ( 11- 10)

Thus ,
- -1 —~r x (~~

— x )  ( I l — i l )

so that

= 

~~(i &) 
~ ( 11-121

and

( 11- 13)

• Substitution of ( 1 1 — 12 )  and ( 1 1 — 1 3 )  into ( 11 — 9 )  y ields (wi th  d i f f i c u l t y )

~~~~~~~~~ 

I 
~~ X / ( i- L~~ ~~~~~ bSI< t -~~ ) c I I - 1 4 i

T h e r e f o r e , with (11-8)

~~~~~~~~~ - ( i -~~~~
’
~~~ (11- 15)

The number  of oxidizer  pa r t i c l e s  on the burn ing  s u r f a c e
with  h and D

• 
~ ~~ / (r ~~~~ S~~~c~J~ ( I 1 - i ~~1

Since the a rea  of the in tersect ion of one of these p a r t i c l e s  wi th  s~ is

lrr 2. 
~-&~) ( I 1 _ l 7 l

t he p lanar  s u r f a c e  a rea  of these  pa r t i c l es  at the b u r n i n g  s u r f a c e
(x=o )  is

27



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-ii~u ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

There fo re , the radiant  energy  entering these par t ic les  is

~~~~~~~~~~~~~~~~~~ ~~~ ~~~ ( 1 1-1 9 )

• The f rac t ion  of this energ y deposited at(,&-b)~~X .W is

c~F~~~ c1~~. ( I I - 2 0

Wi th  1— 1 5 , 1 — 1 9 , and 1—20

~~~ ( 1 1-2 1)

Since r :9. i’Sp and .

~~~~~ ~~~~~~~~~~~ ( 11- 22 1

To deposi t  energy at depth -I~~~~ O , O(L ’(t+~ ). T h e r e f o r e , the
ener g y deposited at x by t all oxidizer  par t i c les  with d i a m e t e r  D is

~~~~ ~~d ’~J ( 11-23 1

Consequently,
= 

~~ t .t-~ ./o~~ d~
= o ~ ( 1 1- 24 )

I t has been demons t ra ted  e lsewhere~~
5
~ that the p a r t i c l e  s i ze

d i s t r ibution in an oxidizer  mode is nea r l y log no rma l . T h e r e f o r e 1 14) ,

~~~ 
~~~~~~~~~~~~~~~~ I I - 2~~l

Since  onl y those par t ic les  with t~8 I M  can deposi te e n e r g y  at  x

33~
) ?~~ 

~~~~~~~~~~~~~~~ ~~~~‘( ~~~ X/o~ ~~~~~~~~~~~~~~~~~ 11-2 ~~)

Li~J
Note tha t  un s t e a d i n e s s  in ~ is assoc ia ted  with  that  ol ,T~,.
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F i g u r e  2 ske tches  the g e n e r a l  phenomena involved in the combus t ion
p roces s . The p roces s  is d ivided into two m aj o r  p a r t s~ the n o n r e a c t i v e
condensed phase (x < ol and the r e a c t i v e  reg io n ( x >  o) . The l a t t e r  is
depicted as containing two subreg ions - - a  gas  phase  reaction zone and a
co ndensed  phase  react ion  zone , A s  demon s t r a t ed  b y N ov ozh i lov~~

3t and
S u m m e r f i el d , et . al. p 1)

, the c h a r a c t e r i s t i c  tim e of the r e a c t i v e  zone has
l e s s e r  o r d e r  of magn i tude  than that  of the n o n r e a c t i v e  condensed  ph a s e .
A c c o r d i n g l y, when the o rde r  of m a g n i t u de  of the c h a r a c t e r i s t i c  t ime  of a n y
t r a n s i e nt p r o c e s s  is g r e a t e r  than tha t  of the r e a c t i v e  zone , the  r e a c t i v e
z one wil l  respond in q u a s i- s t e a d y f a s h ion . That is , i n e r t ia ” wi l l  he con-
fi ned to the n o n r e a c t i v e  cond ensed phase . The upshot  of th i s  is tha t  the
r eac t ive  reg ion m a y  be d e s c r i b e d b y a p p r o p r i a t e  s tead y - s t a t e  r e l a t i o n s .

M o r e o v e r , if t he r ad iat ive  e~ t inc t ion length  of the  g a s e o u s  p r o d u c t s
and the condensed phase is large compared with the gas phase and condensed
pha se reactive zone thicknesses respectivel y~~, radiation will not interact
si gni f i cant l y with the rea ctive zone. This seems to be a ve ry p la u sibl e
a s s u mp t i o n  f o r  r educed  and mi n i m u m  smok e p r o p el l a n t s . This  m e a n s  t h a t
f o r  a spec i f i ed  f o r m u l a ti o n  the r e a c t i v e  zones  m a s s  f l u x  is d e f i n e d  solel y
b y i t s  b o u n d a ry  cond i t ions  (T 5 f )  and e n v i r o n m e n t  (p ) . In s h o r t ,

= iyv~~ ( f o r n i u la t ion ,~l~ ,~~,~~~

w h e r e  ( 1~ denotes  stead y - s t a t e  cond i t i ons . If the  reactive zone is quasi -
s t ead y

0 0 0

( l f - 2 R i

and

( 1 I - 2 Q t

T h u s , f o r  a q u a s i - s t e a d y r e a c t i v e  zone t he i n s t a n t a n eou s  b u r n i n g  r a t t ’  is ,
for  f ixed  f o rm u l a t i o n , f u n c t iona l l y re l a t e d  as

~ 1 11 ~~301

Note that if radiation does not interact with the r e a ct i v e  zone  t h a t  t h i s
relation holds irregardless of the radiant flux leve l .

“ I f  t he e x t i n c t i o n  l eng th  is smal l  cornpa red to these  d im e n s i o n s , t h e  ~ en m e t  r i
• s c al e  of t he mo to r ’ s c a v i t y wi l l  not  si gn i f i can t l y i n f l u e n c e  th y ’  r ; , d i a n t  I I l ’ ~i n c i d e nt  on t h e  r e a c t i v e  zone , and the  i n c i d e n t  r a d i a t i v e  f l u x  be , n n w s  a n o t h e r

i n d e p e n d e n t ~‘a r i a h i e  b r  m g. R e f e r e n c e  2 0 has  a t t a c k e d  t h i s  problem .

29



j
0 

T: 
g a s  ph a s e :  r e a c t e d  p r o d u c t s

~ Reactive/ 7~1 7 ~ ))~ 1 1 
~

) ‘) 
~ 

gas  phase; rea ctions zone
/~ ~\ \  \,~

&. ‘
> ~~~~ co ndensed phase  r eac t ions ;

/ 

.,/ / / / condensed phase : no r e a ct i o n s  zone/ / 
,‘ 

I
i , 

,/
/ / I

’

/ / 
r :T0 / /

Fi g u r e  11-2 . Sketch of R egions  in Combust ion P roces s
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In princi ple , one may obtain both U°(~~1~ and from
s t eady-s t a t e  exper iments . In the absence  of radiat ion an e n e r g y  ba lance
(steady-state)for the x =0 to x =oo region yields

:= u z (T:0--
~~ ( 11-31 1

With T~(~T~known, Eq. (II- 31) givesT0(.~ .F
~~ . The refore , (~~~~and t(~~~T0~can be r ewr i t t en  as

, ( 1 1- 3 2 )

Clea rly, if 4p,~~ are specified ,T~ is also defined and l&~ is d e t e r m i n ab l e
fro.’n Eq. (11-30): that is, from the reactive zone solution , Therefo re
Eq. (11-32) is quasi-stead y.

Under the “opti cal thin assumption ”, the reactive zone is
independent of radiation. Therefore, the connection s m us t  bec me

( I I - 3 3 t

“inal ly  since Eq. ( 11-30) holds

= 
.~ ~~~~~ ( [ 1-34 1

I f th ere  is radia t ion , the energy ba l an ce(s t ead y . s t a t e’)
becomes

u4T~, - (ç~ ~~~~~~~~ ( 1 1-3 5)

Therefore , since the connect ions  have  been demons t r a t ed  to be
associated with the reactive zone and that zone is not effected by
radiation , it m akes no d i f f e r e n ce  wh eth er 

~~ 
or {~ is em ployed . With

equivalence of 
~~ 

and f~ Eqs . (11-31) and (11-35) show that radiation
may be accounted for in ‘

~stead y-state ’
~ by employing the equiv alent

ini t ial  t e mp e r a t u r e

T* T ~~~~~ ( 1 1 - 3 1 , 1

In other  words , in the ‘~‘st ead y-s tat e ’~ rad ian t en e r g y  de posi t ion and
ini t ia l  t e mp e r a t u r e  change  p roduce  equ iva len t  e f fect s  and Eq . ( 1 1 - 3 ( )
d e m o n s t r a t e s  the  e q u i v al e n t  t e mp er a t u r e  f o r  speci f ied  T, and .1.
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The equation governing the nonstead y t he rma l  f ie ld  in the non-
reac t ive  condensed phase ( x<  o) ~~( h i )

1~rX~~ +~~ (11-37 )

The boundary  condition s are

T(-~~) t ’~ 1i~, ~ TCo,t~ T , ( I I - 3 8

and the connections are

~ (1 1 -39)

where ~ . Introducing dimensionless variables

~~~ ~~
= u~~~/i~, ~ 7 ~~~ ~ ~ ( 11-40)

(T- T: ~/(1~ 
- T ) 3 ~ ~(T~-T )/(~ç- i )3 f= ~~0( /0 f {

~~~~~0 (1o...1* ~

yields

•.ae ~ e 0
- 

~~~ ( 11-41)

wit h bounda ry  conditions

-
~~~ UI-42

and conn ec t ions

~~~
- =  

~~~~~~~~~~~~~~~~~~ 
( 1 1-4 3)

A s s u m e  that small, periodic pressure and radiation changes are
im posed . That is assume

A t.~ t

~1 e. -
~~ 

)l +~l4) e. ( 11- 44 )
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where < 1. Then , in response to these f luc tua t ions

= G°(~ ) ~~ 1 011(~~t) ~~~~ 
®~,(~~t) ( 11-45 )

# ‘U~ct’~ ~

Substitution ot these functions into Eq. 11.41 and neglect of higher order terms
yields

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (11-46)

Since this equation must hold for ~j , 0, ~j , 
0 and 4. , o C~

d
Z
e

0 
- 

the 4 ~~O 
~~~~~ (11-47)

with boundary condition

-
~~~~ (11-48 )

and

~~~~
I1 ~~~ -

( 11-49)

with boundary conditions

61,1 (— ~~‘t~ = o  ~ , o 1 t~) ‘

~~~~~ 
( 11-50)

and

- ~~~~~~~~ - a ) ,~ ~~ ( 11-5 1)

with boundary conditions

ø ( - ~~, t~ O~ & O ,t ’) l%~Ill ( 1 1- 52 )

Thus, in the linear context the problem has been decomposed into
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Three separate problems : (a) steady-state burning with radiant deposition ,
(bI burning with constant radiant deposition and nonstead y pressure , and
(c) burning with constant pressure and nonstead y radiant deposition. These
will be considered in turn ,

Equation 11-47 can be rewritten as the first order differential
equation

~ ~L~
0 

•
- - 

(11-53 )

The solution of this equation, noting that I at 
~ 

, is

= e
s

— 
~

(
~) ( 1 1-54 1

wh e r e

- Eç r (€.~ e

When there is no radiation ( ~~~~ ), ~~~ and the Michelson distribution
is recovered .

Substitution of (11—54) into (11—49) yields

~�e 1.~ b®~ 
‘

~~~~W~ 
( I= ~~~~~ - - e ~
) 4 e l J G ~ (11-~~ I

~Let ( ‘
~ 

( ‘
~ e. , then ( 1 1 - S b )  becomes

A
do . I ’,.

- 

~
-ci . . G e ) J 1~~~~eu 1,,~~ ( 11-5 7 1

Take O o + 8~~~ e ‘ wh ere 
~~~ ~~Pi )and 9~~ a r e  solut ion s ot

d~ ~~~~~~ -— . — ~ -0  ( I I - -’R

dew, th e A ç
— - - t,’iC~) U e ( 1 1- 5 9 1Pt

A ,., 
~~

~~~~~~~ - t~
”
~~pL 

= ( h I - ) 0 (

This  f o rm  puts  r ad i an t  e f f e c t s  into

-

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ 

. .



respect ively, The general  solution of 11-58 is~
2
~~

A

= A e ‘~ Be ( I 1 - b l )

wh ere 
~~ 

a r e  roots of the cha rac t e r i st i c  equation

~~~~ = ( t t~~~ + Ur~.’~~/Z ( 11-62 )

Since must  be bounded at ~~~~~~~~ , ~~~ 0 and

Ae ( I 1 - 6 314

where ~~~. f i .  is comp lex. Algebraic  mani pulation and use of the
quadratic formula yield s

= 
~~~~~~~~~ 

- 
( 1I-64

~~r ~~~~~~~~~~~~ ( 1 1— 6 5 )

The solution of (11-59) can be found with the method of undetermined
coefficients 121

~, Let B~ Ce 1 where  C is the undetermined coefficient .
Substitution into (11-59) yields

C = ~ ( 1 I - 1 u )

W h e n ce

A ,.~

L e /~~
“ 

( I I - t , 7 )
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The solution of (Il-bO) can be found by the variation of parametersrn ethod(2 1) , Let

Substitution into (11-60 ) yields

+ (2~~,- t ~ ~~~~~ = - 
(1 1-69)

Taking C = as the independent variable transforms (11-69) into a
first order equation for C’ 

. Integrat ion yield s

I SC - L),,,~ ~~~~~~ ck + C(o~ (11-70)

A second integration gives

~~ ~~~~~~~ ÷ C~o~~ ~ ( 11- 7 1)

Since a particular solution only is required , CCP~ and C(,e~ can both be
set to zero, Therefore,

A

e v ~M(t~ ( 11-72 )p~.

wh e r e

I (~~ -0~ C ~1c.
—

0 ( 1 1 — 7 3 1
0

Conseq uently,

A A ~e ( P ~~~i i k ~ + L e  ( 11-14)
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‘-‘ir . e (note that l4 (o~ ~(o ’~ ~c )

= A ~ ~ b /~ ( 11-75)

B y detinition = = L(~e/~ / ( - From 11-54 and -55 ,
t I . Thus,

= I + 4 :~,1 ~~~~~~~~~ ( 11-76)

D i f f e re n t i a t i ng  11-74 (employ 11-73 and Liebni tz ’ s ru l e  to find(thH/d1)~ 0 and substituting into 11-76 yield s

= + ~ - 

(11 77)

For stead y- s t a t e  burning without c rossflow the funct ional  dependencies~ o (~~T~ ) and 1 ~T~(*~r~ can be establ ished exper imental ly ,  The re fo re ,the function s

r~~ (~~1~~/~~T~~~
( 11-78)• (~~~~( 0 .  

~~~~~~~~~~~~~~~ -2/ ~ M.. / ,
~~ ~~~~ ~ 

/L — I~, ) / .~ . ‘c~’

can also be established. To utilize the Z-N method one needs derivativeswith respect to ~~ and £f-° because of the universality of the functions
~~~~ 

{°~ and 1,,(~ . f~~) for both steady and nonsteady conditions. Since
( ot.]

\ 
‘�( [ i~ a( 1.~.I~~) / ~~~~~~~

~~~ ‘~% p )~~ ~ (~~~, .Lc° ) ‘~~~-1~ ) / ~~~~~~~ ( J ~~ 79)
( 6 C ~ 

‘ô(L :i, 
~~~ ~~ ,

, 
~ ~~ 

•

~~~~~~‘~T~T ) ~ Ô~~~~~~p~ ~~~~~~~~~~ / ‘*.~~T ’ )
conversion into the “universal form ” requires the partial derivatives
(
~ ~~~~~~~~~ and (o.L~4° f 

~~~~~~~~~ 
. Equation 11-35 gives ~

°(1A~,
’1:1:, 1~,~ ) .Different iat ion of 11-3 5 then yields (with 11-7 8)

~‘
. ‘ 4° / i ~’)

( 11-8 0)

0 .  *-
0 ~~~‘ t a .

37

.- --



—•_—~. ---- -- —-- ----- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

With these relations and 11-78 and -79

~~~~~ f~ L~~ ~v
k
(r*~ i~ / L & 1 /  [k*÷ r*_ I  ~

-

( 1 1 — 8 1)

(T~ ~~~~~~~~~~~~~ ~ 4°
~

The Jacobian

* *
~~~ ~/ ~~~~~~~~ 

A/~~~~
’

) ~~ ‘ r •~u. ~ (11-82

Since ~) ~~~~~~~ 
and ‘l~ ~~~~~~ 

[ d imensionless  f o rm  of 
~~t) 

and ~~~~ ~~~~

i t.+~a ~~J

-

~~~ ~ ( O) / 2 4 1 ~~ 4~’ ~ 
.U, .,.

\~ ~ 
( 1 1-83)

~ / 
‘

~~
. Q~ ~ ~~ 

( ‘
~~~~~ 

11-84)

With the definitions for  ~i, ~~~~ ~~~
., 4~

= 
(

~~~
/ ‘

‘

~~~~~~~
1
~~~~~

~~(TC -~~~~ ~~
“
~~~~~

‘ .

~~ ‘
, 

~~~~~,

. . 

~~
,

t 
~ ç (~ T * ~~ 

(‘ r , ~
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Therefore, neglecting second order term s

= ~~~~~~~~~~ /(
~~~*4. *~~~~ + Q,

(11-86)

r~~, / ( r~~- t )  t ( + 4 ~~ )~~ f ( k
4
i-r 4

- i)

With 11-75 , -77, and -86 there are four equations and five unknowns
(~‘~ 4’l)~”)~) ~~~ 

A ). Consequently, the ratio iJ, ca n be solved fo r  in t e r m s
of quanti t ies that can be computed f rom u.~ (~~ ,;0) and 1~ (~~~. 

T~~) data.
Since ‘1.), / ‘~~, is precisely the p r e s s u r e  coupled response funct ion , t h is is
the result desired.

Examination of 11-75, -77, and -85 show that none of these equations
depends exp licitly upon the radiant energy deposition. Consequently, it must
be concluded that the effects of steady radiant energy deposi tion in the non-
react ive  solid can always be accounted for  by employ ing the radiat ion
augmented initial t empera ture  T0~~! That is the pr e s s u r e  coupled r e sponse
at ~~~~~~~ is that at ~~T~~L=o . This situation was deduced on physical
grounds for the special case >~ ~~~~~~ This work shows th is  to he the
case in general. 

R
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APPENDIX A

NOMENCLATURE

Latin Symbol s

A , B constants

• c specific heat or acoustic speed

C constant  or function

D diameter

ID weight mean diameter

erf denotes the e r r or  function

e, exp denotes the exponential

f temperature gradient at x=o, (dT /dX)
~

.
~0

F direct interchange factor for radiant transfer

G

h see Figure lI-i

- 
~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~ cLçI

or an index

I denotes an in tegra l  (see 1-13 to - 16)

3 radiant  heat f lux

radiant  heat flow

K an index ,

func t i on  def ined  by 11-7 8

1 ext inct ion depth fo r  the rmal  radiat ion

i n t e r a c tion p a r a m e t e r  ( see  1-3) or mass  f l u x
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(Cori t.

M number of oxidizer modes in propellant

N number of oxidizer particles on surface S~

n p r e s s u r e  exponent

p pressure

r r a d i us , bu rn ing  r at e

funct ion defined by 11-7 8

R see Figure Il-i

R pressure coupled response function

velocity coup led response function

S s u r f a c e  area

t time

T t e m p e r a t u r e

T0’ T +  J~, /~~cu~

• T, init ial  propel lant  t e m p e r a t u r e

• bu r n i n g s u r f a c e  t emp e r a t ur e  or burn ing  ra te

(t - ’~~~ ) / ( c r ~~f~~’ ) or burn ing  rate

w mass  f rac t ion

x m D  or spatial  coordinate normal  to the mean b u r n i n g s u r f a . e

x see Figure 11-1

• 

. 
roots  of 11— 62
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Special Symbols

( 1 - -ç~ ) I ( i -
~ -T~’

)

mass fraction of oxidizer

defined by 11-82

C dummy variable of integration

dummy variable of integration or temperature gradient ratio f/f

p densi ty

function defined by II-78

radiant energy deposition per unit depth

0 nondirnensional  t e m p e r a t u r e

1(. thermal  di f fus ivi ty

ii burnin g rate ratio U.( U.~

non-dimensional  distance ~° x. f k

t non-dimensional time (U ~ ft  /~~

I 
non-dimensional p r e s su r e  ~~i

non-dimensional  radiant energy deposition 
~~ / 

~~°

vo lume  f r ac t i on  of oxidizer

non-dimensional  radiant  energy deposition , ~ °(R/ ~~)/ (p~ u~ .’( .1~~))

f u n c t i o n  def ined by 11-78
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(Cont .

non-dimensional burning su r face  tempera ture ,

(i2~~ ~~~~~ or standard deviation

denotes a spatially mean value or a value non-dimensional ized
by the oxidizer particle diam eter

denotes a pseudo-propel lant  proper ty  or conditions with I~=o.

denotes stead y-state  c ondition

Subscripts

b denotes binder

d denotes diameter dependence

i denotes ith value or imaginary part of complex number

k denotes kth value

ox denotes oxidizer

denotes a per turbat ion quant ity

denotes the portion of the perturbation quantity belon g in g
to the p r e s s u r e  pe r tu rba t ion

denotes the portion of the perturbation quantity belong ing
to the radiant flux perturbation.

t denotes total

p denotes quantity based on plana r area S~,

L 
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(Cont .

o d enotes J~~=o condition

r denotes the reactive portion

s denotes conditions at burning s u r f a c e

S denotes the area the funct ion pertains to

L _ _ _  _ _  
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APPENDIX B

FORTRAN IV CODE FOR

EXTRACTING PSEUDO-PROPELLANT

RATES FOR SPECIFIED M
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SURROUT INE PA TSB (PSI .SSI .N.OELS .OIMIN.ITLIM .IPT ,ME PIT ) 00300013
OIMEN SIO~ PS I  (~~~),PKt (25),THT (25J ,XFLG (251 00000030

• C 00)00040
C PRIN T E R  AN L~ H IO H SPEED CONSOLE I)FV ICE NUMBERS 00030050
C 

, 00000060
OAIA A LFA/ 1.0 2/ . 00300370

C 00000080
C F-U~ CT 1 flN F IS V I N I M U M  IM P R O V E M E N T  R E~~U I k E D  OV E R LAST BAS E PO IMI 00000090
C oooooi~~o

F (SSS) SSS — AO SISSS)$O. 0001*CUT 00000110
00300123

C PSI IS THE CfJR SENT BAS E POINT 00000130
C THI IS THE ‘~REV1UU S ~3ASE POINT 00000143

C PHI IS THE TRIAL PO INT 03030153
C S IS THt OBJECT IVE FUNCTIO N oonnoi~~n
C IPT = 1 FI~ OLAGN’JSTIC PRINTOUT 00000173
C I FOR MINU’AL PRINTOUT • 00000180
C —1 FOP NO PRINTOUT 00000190
C 000002)0
C 00300210
C I” I I T ( AL I Z F I I I U N  00000220

• C ‘ 00)00230
ITI’~ICE= 1 00000235
UEL DE LS ‘ 

• 03)00243

— IF (IPT .r,E .Oh,dRITE (6,604 ) DEL ,DLOIIN ,ITLIM ,IPT 30300250
00 705 I=1,N 00000260

• 7)5  X FI.GI. I)= 1 .)  33000270
IT E’~~ C 00000280

C U T ,1.O 00000293
- 00000300

C EVALUATE Al INI TIAL dASE POINT 00000310
c 00030320

10 CA LL M ERI T (PSI,SSI) 00000330
C 00000340
C .. I E X P L E I ’F< E A ROt ) NI )  C I IP RE NT O A S E P O I N T  33000350
C 0000 0360

~0 S S ITST=F (S~~I) 
. 00000370

1)) S=SS I 00000380
N PA T M= i ‘ 00000390
31’) 101 1=1 ,25 ‘ 03)00400

101 P R I (I ) = P S I (I )  00000410
• J C A L I = 1  • 00000420

IF ( IP T .LT. 3)GO Tn 153 00000430
W R i T E (&, 9S )1TE ~’ 00000440
w R I T E ( S ~~~0 C )  h’S I(J ) , J I,N) 00000450
~P IT E ( 6 , 6 0 1 ) S , D L L  00000450

C 00000470
C ~AKE E XPL O~~AT ORY C~OV E 00)30480
C 03000490

Gil TI.~ 150 00000503
C 00000510
C IS THE PR E S E N T  V A L J E  LESS THA N THE BASE PO INT VALUE 00000520
C — —  

. 3)030530
160 IF (S.LT.S SI TST) GO. TO 200 ‘ 00000540

C 00000553
C CUT STY’ SIZE 00000560
C 00000570

00)00580
I Ff ~~U.’,~T.0i LL ILIC 1 

~~~~_

• I I ( I I ~T .1,F.O) ,,NI TCIS ,10 4 ) 000)0630
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IF (CUT .LT.3.5) GC TO 732 00000610
C 00000620

r C START OVER •;ITH I N I T I A L  DEL AN !) CURRE N T BASE POINT 00000630
C 00000640

— CALL M E R I T I P H I , S P I ) 00000653
I F ( I~’T.GE.3) v 4 R I T F ( 6 , 7 0 7 )  00000660
IF (IT ’ .IC E .E Q.0)~~ETURN 00000670
OEL OELS 00000680
C U I = 0 .  00000690
GO T O 90 00000700

C 00000710
C SET N[~ BASE PO INT 00000720o M A K E  P A T T ERN M O V E  0)000730
C FX P LO R E  A R C J N~) P A T T E R N  00000740
C 00000750

20) SSI=S 00000760
SS ITST= F( SSI ) 00000770
IT F R = I T E R  + 1 00000780
N P A T M = N PA T ~ + 1 

• 
- 00000790

J F ( I T L R . G T . I T L J V )GI) TO 700 
• 

. 
00000800

I F (I PT.LT .))GO TI) 233 • 00330810
WR IT [(6,5°9) lIE ’ 00000820

• W R I T E ( 5 ,59S) N PATM 00000830
n R I T E (6,63j) IP H I ( I ) , I = 1 ,N )  00000840
W R I T E (6,601) SSI,DE I 00000850

C 00300 860
C M A K E P A T T E R N  MOVE 0000087 0
C 00000880
203 Dfl 231 I=1,N 000)0890

THT (I)=PS I(I) 00000900
P S I ( I )=PC-4I (I ) 00000910

21)1 PH( U 1= PH I( I )  + A LF A * (PHI(I) — T H T ( I ) )  00000920
CALL ME RI T (PHI,SPI) . 

, 00000930
• S= SP I 00030940

IF (IPT.NE.1)GO TO 202 00000950
W R I T E (6 ,606) IP H I ( I ) ,I= I ,N )  00000960
WR IT F (b,601) SPI,DEL 1)0000970

202 ICA LL =2 00000980o 00300993
C MAKE EX PL O8ATr)R Y M O VE 0000 10)0
C 00001010

GO T O 151) ‘30001020
C 00001030
C IS INC Pi’E SEN T V A L U E  LESS THAN THE BA SE POINT VALUE 00001040• C 00001050

2 .0 IF(S.LT .SS lIST ) GE’ 1’) 200 00001060
r,U T” IOQ 00301070

C ‘ 00001080
C INT F 1NA L S L DP U IJ TI N E TO MAKE E X P L O R A T I O N S  ABOUT PH I 00001090
C 000011)0

150 00 180 K= 1,N 00001110
i’r1 IIiLri P~i1 ( K)  00001120
STFPK= ) .D5*~ H IU L) 03)01130
I FI S T E D C ~- .1 ‘~.0.3 ) STE’K=O.OS 00001140
ST i P K = S I G r ~’ (STEP K *D FL ,XF Lr,(Ic)) 00001)50

• PHI (K)=PH ICIO + STFP~( 00001160
CALL M [RIT(I’HI ,S P I) • 00001170
T F ( I P T . O0.  1h~R I T F ( 5 , h J 2 )  I C A L L , K , S P J , ( P H I ( L )  ,L=1,N)  00001180
I F( S ” I . IT . S)  GO Ti. 179 

____________  
00001190

- XF I , (K ) = — X F L G ( K )  0300 1200
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PHI (K)=PHICL U — STE PK 00001)13
CALL ME R I T  (PH I ,SPI) 00001220
IF (LPT.E 0.1) WR ITE(6. 602 ) ICALL .K ,SPI .(PHI (L).L=1.N ) 00)01230
IF (SPI .LT .S) GO TO 179 0000124’)
PHUK)=PHICLD . 30301253
GO TI) 180 000012 60

179 S=SPI 00001273
180 CO~~T Z N U ~ ‘30301280

GO TO (160,2 63),ICAL L 00301290
003)13)0

C - 00001313
700 I F I  I P T . G E . C ) w P I T E ( 6 ,701 )  00001320
732 00 703 1 11N 00331330
703 P S I ( I ) = P H I ( I )  0000 1340

IFU PT .GF .Ch’RITE ( 6.&O7)ITER 00001350
RETURN 00001360

599 FORMAT (’ **~‘* ‘,lc ) 00001370
600 F O R M A T I ’  BASE PT ‘, 1P4 (7E15 .6,E15.6,/,T9)) 0133138’)
606 FORM A T (’ °ATTF,RN ‘, 1P4(7E15 .6,E15 .6,/,T9)) 00001390
601 FOkMA T(6X,~~t)BJI ,.jPEj5.6,5X , SjEL ‘,E15.6) • 00001400
632 FORYCA T (!X ,2I2 , ’ OF J ‘,IPEI4 .6, ’ TRIAL • ,4(6E14.6 , E14 .6,/ ,)35)) 00001410
604 FO FM A T (’OI3EL ‘,IPE 15 . 6,’, DE LMIN ‘,E15 .6,IX,F/, ’ ITL IM ‘,16, ’, 00001 420

I IPT ‘,13 ) 3)30143’)
60? FU R M A T (’ TCTAL N U M B E R , OF NEW BASE POINTS (ITERATION S) ‘,I5) 00001440
701 FORM A T (’OSFA RC H T E R M I N A T E D  BECAUSE NUMBER CF I T E R A T IONS EXCEEDS 00001450

1LIM I T. ’) 30001460
704 FO PM AT (’OSEARCI - l TE R M I NA T E D  BEC A USE STEP SIZE LESS THAN LIMIT. ’) 30001470
707 FORM A T I ’O STARTING OVER WITH CURRENT BASE POINT AND I N I T I A L  DEL.’ )33331483

END - 00001490

L ____________________j
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FUNCTION Al l y ) 00300010
COMMON/8LK /WMDI8),SD (8), A IC9 ),AJ I2S ),AKIA),U (50), 00000020

1 • XMAX(50),XMINI50),~~HOT (50),RHOX,RHOB, API,SEEJ, 00000030
2 1t53 ),PA (17),N1,AN(8 ),DIA ,SIG,SDLN (8),WMDLN (8),TQ 00000040
W= (( V—l O l A )  )/SIG)**2 00000050
41 0. 00000060
IF (W.LE.50.0) A 1=E X P (—3.5*W ) 

, - 00000070
RETURN 00000080
ENL) • • 

00000090
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F U ~~..LLi~LA 2 I V ) 0)00031’)
Cfl4MIjN/ IiLK/WMO (P),5U181, AII R) ,A JI25 ),AK(R),U (50), 30330020

XMAX (50),XMIN(5I)),RHIITI5O),RHOX,RHGB,API,SEEJ, 00000030
2 0153 ),kA(17 ),NL, AN (8),DIA ,SIG,SDLN (R),WMDLN (P,),TQ 00)00040

C[JMMIIN /MA N/ 11 (8 ,15) ,E2(B ~.,k5 ) ,F3 (8 ,t5 ),E4 (R,15) ,E IEM LE21, 8 .15) , 00000050
E L E M 2 ( 2 1 , ’~ , 1 5) ,E 1 EM 3(2 1, 8, 1 5) , E L EM4 (2 I , 8 ,1 5) , X ( 1 6 ) , I2  30000063

ILU=12+2 . 00300065
42=0. 00000070
W = H V — I D I A ))/SlG)’~*? 000000sp
Y~~~A I 1 L U )—3 . 00000090
Ic h . . L E .5 0 . )A 2 F X P ( V ) s * Y  * EXP (—0.5 *W ) ‘ 00000103
RETURN 00000110
[NO 00000120
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FU ”~C TI O N 43 (V) ooooooio
CO t~’M0N /MAU E P / II ,JJ ,~~LFA (8,53) ,R( 5 0 ,5) ,NI 5J) ,RC l5 0 ) , A L F A T (5O ) 00000020

I. ,RM (P ,5),NC (50),K,ERR(50),ERN(50) 00000030
CIJMMOt’j/IjLK/WMO (8),SD(8), Al (8),AJ (25),AKIBI,U (50), 00013040

I XMAX (50),XMI ~~(5D),RHGT (50), PHOX ,RHCB,AP 1,SEFJ, 00000050
2 C (50 ) ,kA(1 7),Nl , AN (8),D IA ,SIG, SOLN (8),W M O L N I 8 ) ,T Q 000000 60

C 00000070
• X = ( E X P ( V ) / A N ( 3 ) ) ~~~2 00000080

13 2=AN(I) + A N ( 2 ) / S Q R T ( ( 1 . — X ) * *2  + 4.* ( A ? ~’ I 4 ) * * 2 ) *X )  30003090
TP = RA(5)— 3 . • 00000 130
IS = B?*TQ 00000 110

T P = ((V—CiA) / S I G ) * *2  00000120
A3 = TS*EXP (—3.5*TR) . 00000130
RET u RN 00000140

00000150
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MIL LER D ATA SE 1 , S )— I— 8~~— 1 , — 25 (18~ 2’, M IC P C N  AL )
0821031330 .503. 21)30.

.3 .3 .1 .656 .984 .6261.554 —31

.3 .1 .3 .803 .796 .4761.448 —03
.3 .1 _ . 3  .764 .494 .3481.003 —04

.4 .3 .449 .317 .236 .440 —05
.3 .3 .1 .660 .976 .6191.545 —06
.3 .1 , .3 .743 .927 .5661.524 — 38

.3 .1 .3 .792 .47~ .329 .9 90 — 09
.4 , . .3 .427 .290 .222 .401 —10

.3 .4 .6201.105 .7181. 697 — 11
.3 .4 .653 .741 .5051.248 —12

.3 .1 .3 .719 .503 .367 •
• 93 —14

.4 .3 .5 66 .293 .222 .487 — 15
.3 .3 .1 .514 .441 .313 .639 —16

.3 
• .4 .520 .665 .462 .951 —17

.4 .3 .481 .5 82 .413 .805 —1 8
• .3 .4 .593 .523 .363 .526 —19
.4 .3 .575 .305 .231 .512 —20
.3 .3 .1 .417 .299 .219 .390 —21
.3 .4 .480 .379 .283 .550 —22

.4 .3 .491 .399 .265 .523 —23
• .4 .3 .481 .323 .228 .444 —25

M I L L E R  DATA SET S 0— I I I— 1 , —25 (ZERO A D D I T I V E )
C 82103I000.500. 2030.

.3158 .1368 .4211 .9161.165 .6272.214 
• 

— 02
.557 9 .3158 .6891.446 .8812.291 — 03

.3155 .2421 .3158 .7971.168 .6321.909 —04
.4211 .13~~8 .3158 .928 .870 .4711.704 —05

.3158 .1368 .3158.1053 .6211.160 .7371.744 • —06

.~~158 .7 4?~ .3158 .6921.096 .6801.774 —08
.3158 .2421 ‘ .3158 .7711.087 .6311.822 —09

.4211 .136 8 .3158 .841 .901 .5001.604 —10
.3158 .13 68.4211 .6171.030 .6761.589 —12

_~~~~~~,.31~~’ 
. ..421.3158 .613 .978 .6371.490 —14

.4211 .1368.3158 .690 .706 .4491.169 —15
.3158 .3158 .2421 . .451 .561 .407 .761 • —16

.315 b .5579 .474 .834 .6011.158 —1 7
_________ 

.4520 .437 .718 .52 1 .955 — 18
.315 8 .579 .529 .785 .5361.116 —19

.4211 .4526 .610 .539 .368 .856 — .0

.315P .315 8 .1053 .1368 .430 .330 .240 .436 —21

.315 8 .4?11.136 ~ .458 .524 .375 .708 —2 ?
.4211 .315 8 .1365 .663 •469 .332 .630 —23
.3158 .4211 .13 68 .449 .536 .393 .732 — 24

.4211 .315 8.1368 • .528 .445 .304 .652 —25

~._~~ LLLER DATA SET S D— I V — 1 , —2~ (18~ 90 M I C R O N  AL)
C820031000.530. 2010.

________ 
.3 .3 .1 .6231.050 .7041.671 — 01
.3 .1 .3 .696 .916 .571.461 —03

.3 .1 .3 .848 •468 .3 291.065 — 34
.4 .3 .424 .298 .220 .397 — 05

______ 
.3 .3  .1 .6131 .037 .6551.533 — 06
.3 .1 .3 .674 .951 .5771.475 —08

.3 ______ 
.1 .3 

_____ 
.904 .476 .3111 .089 —0 9

.4 .3 .439 .266 .203 .373 —1 3
.3 .4 .595 .765 .5121.16? —12

.4 .3 .602 1.250 .8081.86 1 — 1 3
.3 .1 .3 .708 .568 .3791.31? — 14

.4 
-

~ .3 .612 .250 .205 .4 7 M  — 1 5
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,~~~ .1 __~,,, .. 
__, ,,_ ..~~iL..j a1~4 477 _ F . 74  —1 ’ -

.3 .4 .470 .667 .403 .927 —1 7
.4 .451~ .604 ~.43’~ .014 — I M

.4 .604 .486 .343 .793 —19
___________ _______—_______ • J ~3.0 .759 .193 .461 —7 (1

• •3 .3 .1 .460 .309 .216 .408 — 21
.3 .4 .565 .404 . 770  .591  —~~~~~

.4 .3 .531 .232 .230 .480 —25
M I L L E R DAT A SET SJ—V —1. —25 (1 8~ 6 Mi CRON A L )

08190310 (30. 500.2000.
—___________ .3 .3  .1 .514 .917 .b361~.4l0 —01

.3 .1 .3 .674 .812 .5221.327 —03
.3 .1 .3 .583 .535 .382 .857 —04

.4 .3 .462 .355 .261 .495 —05
.3 .3 .1 .592 .895 .5911.344 —06
.3 .1 .3 .610 .869 .5651.310 —08

. 3.  .1 .3 .556 .567 .433 .870 —0 9
.4 .3 .502 .357 .263 .527 — 10
.4 .3 .538 .348 .25 8 .544 — 1 5

.3 .3 .1 .450 .481 .352 .656 —16
.3 .4 .4 39 .676 .508 .933 — 17
.4 .3 

• 
.410 .61 6 .462 .815 —18

.3 .4 .473 .527 .399 .768 - —19
.4 .3 .502 .347 .261 .523 —20
.3 .3 .1 .433 .299 .221 .403 —21
.3 • .4 .465 .407 .299 .569 —22

.4 .3 .433 .420 .319 .563 —23

• .3 .4 .420 .469 .356 .637 —24
.4 .3 .513 .335 .242 .492 — 25
M I L L E R  DATA SET S t)—V I— 1, — 25 (INCREASED SOLID S, 21Z 24 MICRON AL )

0506031000. 500.2000.
.2957 .3 986.2957 .799 .726 .4381.327 —14

.3943 .2957 .800 .382 .253 .767 —15
.2957 .3943 .645 .589 .390 .954 —19

.3943 ,,,.295T .694 .372 .254 .665 —20

.2957.29~~7.09k3S • .457 .314 .29 .432 • —21

.39 4,),,,,,, .2)57 .544 .402 .265 .563 —25
M I L L E R  D A T A  SET S 3 — V I 1 — 1 , — 25 (18~ 24 M ICR C N  AL + 1~ . FEO )

0817011000. 500.2)30.
.2957 .2957.0986 .5391.303 .8421.77~ —06
.2957.0986 .2957 .5611.285 .8201.784 — 08

.29~~1 . ) 9 P~~ .2957 .6551 .219 .6871.733 —19
.3943 .2957 .663 .964 .5201.303 • — 10

.7957 .3943 .5571.146 .7401.601 —12
.2957 .0986.2957 .5311.039 .6F71 .435 —14

.394 3 .2957 .597 .762 .4951.132 — iS
.2’~~7 . 3 9 4 3  .481  .932 .6601.284 —1 7
.3943 .2957 .491 .820 .5831.150 —18

~~~2957 .3943 .504 .878 .6061.217 — 19
.3943 .2957 .499 .615 .462 .921 —20
.295.1.2957 .C98 6 .462 .481 .350 .s63 —21
.2957 .3943 .515 .719 .479 .978 —22
.39k) .2957 .517 .547 .383 .784 —25

2957 .2957 .O9S~ .5441.283 .8581.825 — 01
.3943 .2957 .6171.335 .5721.345 —3 5

.295 7 .2957.0986 .488 .767 .5331 .048 —16
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